We present a position operator that is compatible with periodic boundary conditions (PBC). It is a one-body operator that can be applied in calculations of correlated materials by simply replacing the traditional position vector by the new definition. We show that it satisfies important fundamental as well as practical constraints. To illustrate the usefulness of the PBC position operator we apply it to the localization tensor, a key quantity that is able to differentiate metallic from insulating states. In particular, we show that the localization tensor given in terms of the PBC position operator yields the correct expression in the thermodynamic limit. Moreover, we show that it correctly distinguishes between finite precursors of metals and insulators.
Expectation values that involve the position operatorr play a prominent role in both molecular and condensed-matter physics. Many important quantities are expressed in term ofr, e.g., the multipole moments and the localization tensor. The latter quantity was introduced by Resta and co-workers [1-3] following an idea of Kohn [4] that information about electron localization should be obtained from the groundstate wave function (see also Ref. [5] ). The localization tensor is able to distinguish between conductors and insulators: when the number of electrons tends to infinity it diverges in the case of a conductor, while it remains finite in the case of an insulator. It has been applied to study the metallic behavior of clusters [6] [7] [8] [9] [10] [11] [12] [13] [14] and has recently also been used to investigate Wigner localization [15] .
In its standard definition the position operatorr is simply defined as the multiplication with the position vector r. However, this definition is not compatible with periodic boundary conditions (PBC), since r is not a periodic function. This is a problem, since many quantities of interest are related to the solid state which are conveniently described using PBC. Therefore, it is of great interest to search for a position operator that is compatible with PBC while reducing to the position vector r in the appropriate limit. We will provide such a definition of the position operator in this work. For notational convenience we will consider only one dimension in the remainder of this work. All our findings can be generalized to higher dimensions. We use Hartree atomic units ( = 1, e = 1, m e = 1, 4πǫ 0 = 1).
We study a system of length L whose electronic many-body wave function Ψ(t) satisfies PBC, i.e., for each x i the following condition holds,
where N is the number of electrons. We are looking for a position operator that is compatible with PBC. We denote such an operator asq.
Let us summarize important criteria thatq should satisfy: 1)q should be invariant with respect to a translation L; 2)q should reduce to the standard position operatorx = x for finite systems described within PBC, i.e., in a supercell approach (L → ∞ for fixed N ) [16] one should obtain results that coincide with those obtained within open-boundary conditions (OBC).
3) The distance defined in terms ofq should be gauge-invariant, i.e., it should be independent of the choice of the origin. This criterium is important since the main purpose of a position operator is to yield the correct distance between two spatial coordinates. Finally, we add a fourth criterium: 4) For a system of many particles,q should be a one-body operator, as isx. Although the last criterium is not a fundamental one, it is crucial if we want to apply the new operator to realistic systems.
In a seminal work Resta proposed a definition for the expectation value of the total position operator X = N i=1 x i that is compatible with PBC [17] . Following a similar strategy Resta and coworkers also proposed an expression for the localization tensor that is compatible with PBC [1, 2] . Despite the important progress made in these works there are also several shortcomings to this approach: 1) they provide definitions for expectation values but not a definition for the position operator itself ; 2) the operators are Nbody which make them unpractical for the calculation of expectation values of real correlated systems with many electrons. Finally, we note that their localisation tensor is "formally infinite (even at finite N ) in the metallic case" [1] . Therefore, their approach is not applicable to finite precursors of metals.
Instead, in this work we propose a definition for the position operator itself. We will demonstrate that it satisfies the four criteria mentioned above. Moreover, we will explicitly show that it correctly yields the macroscopic polarization in the thermodynamic limit as well as a useful expression for the localization tensor. The latter gives finite values at finite N and L while yielding the correct values in the thermodynamic limit.
In order to treat PBC systems, we associate to the electron position x the complex position q L (x), defined as
with i the imaginary unit. The complex position q L (x) is a continuous and infinitely derivable function of x.
In complete analogy with the quantum treatment of the position operatorx, we define the action of the complex position operatorq as the multiplication with q L (x).
Let us review the criteria mentioned above with respect to
. Therefore the complex position q L (x), unlike the ordinary position x, satisfies the PBC constraint. 2) q L (x) reduces to the standard position operator x in the limit L → ∞, in the sense of a supercell approach mentioned above. This can be shown by expanding the exponential function: exp
, where x 0 is the (arbitrary) origin, it can be verified that
is independent of x 0 , as it should. We note that a proposition made in a short comment by Zak [19] , in which the position operator is defined in terms of a sine function, does not satisfy this important constraint and, therefore, the corresponding distance depends on the choice of the origin. 4) q L (x) is a one-body operator.
Let us now demonstrate how the complex position in Eq. (2) yields a useful expression for the localization tensor within PBC using an approach that is completely analogous to the OBC case. The localization tensor λ is defined as the total position spread (TPS) per electron where the TPS is a one-body operator that is defined as the second cumulant moment of the total position operatorX = N i=1 x i [20] :
The second term in the square brackets ensures gauge invariance with respect to the choice of the origin of the coordinate system. The localization tensor is translationally invariant.
In a complete analogy with the OBC definition, within PBC we replace the position of a particle x i by its complex position q L (x i ). In such a way, the complex total position operator is still a one-body op-
The localisation tensor within PBC λ L is also a real quantity, like λ. It is defined as the second cumulant moment of the complex total position operator per electron: (2), is the main result of this work. The simple expression is completely general, it can be applied to correlated many-body wave functions and is valid for both finite systems and infinite systems, e.g., by taking the thermodynamic limit. In the special case of a singledeterminant wave function, it can be shown that the expression in Eq. (6) coincides with the result obtained in Ref. [2] in the thermodynamic limit.
We will now demonstrate that the PBC localisation tensor given by Eq. (6) can differentiate between metals and insulators and that it can be applied to both finite and infinite systems. To do so we will apply it to model systems. First, we will treat the simple case of N non-interacting electrons in a one-dimensional box of length L. This model system can be seen as a prototype of a conductor. For this reason, it is particularly important that the formalism we propose in this work can be applied to such a system. In analogy to the OBC case [3] , one expects that the localization tensor λ L (N ), diverges in the thermodynamic limit.
We consider N = 2m + 1 non-interacting electrons where m is a non-negative integer. For the sake of simplicity, we assume that the particles are spinless. In the case of particles with spin, the final result can be trivially obtained by multiplying the spinless-particle result by the spin multiplicity of a single particle. The eigenfunctions of the Hamiltonian of this system are periodic orbitals given by
where n is an integer. Since the particles do not interact, the ground-state wave function is a single Slater determinant of the occupied orbitals, given by |Φ 0 = |φ −m · · · φ m . The corresponding localisation tensor reads
Inserting a complete set of states in the first term in the square brackets yields
where in the last step we used the Slater-Condon rules for one-electron operators [21] . Inserting Eq. (7) into the above expression leads to the following expression for the matrix element φ p |e
Therefore, there is only one nonzero contribution in the double summation over p and l in Eq. (10), namely when p = m and l = m + 1. We can write the final result as
from which we can deduce the behavior of the localisation tensor in the thermodynamic limit. Since, in this limit, N/L remains constant, the localisation tensor diverges linearly with N , as one would expect for a measure of conductivity applied to a perfect conductor.
Finally, we consider a dimerized chain containing 4n + 2 atoms at half filling, i.e., N = 4n + 2, in a tight-binding model. The Hamiltonian is given bŷ
where a † i (a i ) is a creation (annihilation) operator and the hopping parameter t i = 1−(−1) i δ with 0 ≤ δ ≤ 1. This means that the dimerization is at its maximum when δ = 1 while there is no dimerization when δ = 0. The latter system can be interpreted as a precursor of a metal since in the thermodynamic limit this system becomes metallic. It is convenient to express the Hamiltonian in the site basis. Upon diagonalization we thus obtain the eigenfunctions which, when inserted in Eqs. (4) and (6), yield the OBC and PBC localisation tensors of the dimerized chain.
In Fig. 1 we report λ(N ization tensor is well-defined for finite N also for the "metallic" chain (δ = 0). Second, as expected, the OBC and PBC localisation tensors, λ(N ) and λ L (N ), respectively, differ for finite N , since they describe different systems. Instead, in the thermodynamic limit both localisation tensors describe the same system and indeed we obtain the same values in that limit.
The advantage of the PBC localisation tensor is that the thermodynamic limit can be obtained without extrapolating results for finite N and L. Instead, at least for single-particle Hamiltonians, one can obtain an expression involving information of a single unit cell.
In the case of the dimerized chain one can derive an analytical expression for the localisation tensor in the thermodynamic limit. The unit cell of length d contains two sites separated by d/2 with one electron per site. In the site basis the HamiltonianĤ κ , which corresponds to the periodic part of the wave function, is then given by (d = 1):
where κ = 0, 1, 2, . . . , n − 1 is an integer and n is the number of cells. The eigenvectors of the matrix H κ are the periodic part of the Bloch functions φ ik . There is one occupied valence state φ vk and one unoccupied conduction state φ ck . They are given by
where x is the coordinate along the chain, k = 2πκ/L is the wave vector and u ik (x) is a periodic function that is normalized over a single cell. To obtain the localisation tensor we use a similar strategy to that used for the system of non-interacting electrons, i.e., we insert a complete set of states in Eq. (6) and use the Slater-Condon rules. This yields the following expression [9] :
(17) In the thermodynamic limit the variable κ becomes continuous and the summation over κ can be replaced with an integral over k. We finally obtain
As expected, for a periodic system, λ ∞ is an even function of δ. We note that λ ∞ goes to infinity as 1/|δ| when δ tends to zero, i.e., when we go from an insulator (δ = 0) to a metal (δ = 0). We reported the limiting values obtained with Eq. (18) in Fig. 1 .
In conclusion, we have presented a simple one-body position operator that is compatible with periodic boundary conditions. We have shown that this operator meets several important fundamental constraints, e.g., it is translationally invariant, it reduces to the common position operatorx = x in the appropriate limit, and the distance expressed in terms of the operator is gauge independent. Moreover, we have demonstrated its usefulness when applied to the localisation tensor. In particular, we have shown that it yields the correct expression in the thermodynamic limit and correctly distinguishes between finite precursors of insulators and metals. Finally, we note that this work opens the road for the calculation of various other properties of interest for which the corresponding operators involve the position operator. In particular, the proposed definition of position could be used in order to reconcile Coulomb's law with periodic boundary conditions. Preliminary investigations in this direction, both on the quantum (ab initio treatment of the electron gas) and classical level (Madelung sums) are in progress.
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